Solomon Echoes Extended to Soft Pulse Excitation *

Pascal P. Man

Laboratoire de Chimie des Surfaces, CNRS URA 1428, Université Pierre et Marie Curie,

75252 Paris Cedex 05, France

Z. Naturforsch. 49a, 8996 (1994); received July 23, 1993

Solomon echoes, produced by two in-phase pulses separated by a delay 7,, are derived in taking
into account the first-order quadrupolar interaction during the pulses. Consequently, the results are
valid for any ratio of the quadrupolar coupling, wg, to the amplitude of the radiofrequency pulse,
g Six echoes are predicted after the second pulse: three, detected as inner satellite signals, occur
att,=1,, 1,=21, and 1, =31,; the other three, detected as outer satellite signals, occur at 7, =1, /2,
7,=1,,and 1, =31, /2. These echoes originate from the refocusing of single- and multi-quantum off-
resonance coherences developed during the first pulse. Four of them are allowed echoes, the other
two are forbidden ones. However, there is no echo for the central transition. From a practical point
of view this means that 7, must be short compared to Tgp, the duration of the FID of the central
transition. The behavior of the echo amplitude versus the second pulse length is discussed for several

ratios of wq/wgg-
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1. Introduction

The first attempt to extract structural information
in a spin-5/2 system from echoes, namely the distribu-
tion of electric-field-gradients (EFG), has been under-
taken by Solomon [1, 2], followed by Dowley [3], But-
terworth [4], Weisman and Bennett [5], and Sanctuary
and coworkers [6, 7]. The sequence consists of two
radiofrequency pulses separated by a delay. As the
first-order quadrupolar interaction (H{") has not been
considered during the two pulses, four echoes out of
six have been predicted: the four allowed echoes but
not the two forbidden echoes. The two forbidden ech-
oes, defined by Solomon [1, 2], correspond to the refo-
cusing of multiquantum coherences (terms not yet
used at that time) generated by the first pulse. Due to
the fact that these coherences have not been consid-
ered in his computation, the associated echoes have
not been predicted. However, all the six echoes have
been observed: Allowed echoes are bell-shaped curves;
forbidden echoes, also called sine echoes [6], are
derivatives of bell-shaped curves [1, 2]. This leads to
the conclusion that bell-shaped echoes arise from hard
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pulse while additional derivative shaped echoes are
observed when the pulses are soft [6]. Disregarding the
first-order quadrupolar interaction during the pulses
implies that the results are only valid for the “hard”
pulse excitation (the quadrupolar coupling wq is sup-
posed to be much smaller than the amplitude wgg of
the pulse), during which the evolution of the spin sys-
tem is described simply by the Wigner rotation ma-
trix. Recently, the spin-echo sequence used in different
fields of magnetic resonance has been reviewed by
leading experts [8].

The present paper extends the excitation condition
to the “soft” pulse case by taking into consideration
H{ throughout the experiment. Furthermore, the
computation starts from the thermal equilibrium of
the spin system. This state is described by a density
matrix ¢(0)=1I,. In contrast, in the early papers
[1,2,4,5], the initial condition is described by
0(0)=1,, corresponding to a state of the spin system
after the first /2 pulse excitation. As a result, all the
six echoes are revealed from our computation. In ad-
dition, each echo can take any shape ranging from a
bell-shaped curve to a sine-shaped one, depending on
the excitation conditions.

2. Theory

The energy levels of a spin-5/2 system are repre-
sented in Fig. 1, where the eigenstates of I,, |m) are
redefined as: k) =|—-m+1),s0 k=1,...,21+1. On
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Fig. 1. The six energy levels, their shifts and the two forms of
eigenstates for spin-5/2 (H, means Zeeman interaction).
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Fig. 2. The line positions associated with the transition
(i < j) are schematically represented by arrows. The solid
arrows, (a), (b) and (c), are 1Q coherences detected by a
one-pulse experiment. The dashed arrows are MQ coher-
ences not detectable by a one-pulse experiment. Their heights
are meaningless.

the other hand, Fig. 2 shows the location of the lines
in the spectrum: (3 « 4) the central transition, (2 < 5)
the three-quantum transition (3 QT), and (1 « 6) the
5QT are unshifted by Hy"; (2« 3) and (4 & 5) the
inner satellite (I-S) transitions are shifted from the
Larmor frequency @, by +2wq; (1 < 2) and (5 < 6)
the outer satellite (O-S) transitions are shifted by
+4wq. Of course, only single-quantum (1 Q) transi-
tions, represented by solid arrows, are observable di-
rectly with one-pulse excitation.

Solomon Echoes Extended to Soft Pulse Excitation

(1)

(Ha+ oge |

>/
Gl

Fig. 3. Interactions considered and durations associated
with a two — x pulse sequence. Echoes are represented sche-
matically by upward arrows whose heigh is meaningless.
Echoes of the O-S transitions: (a) 1,=1,/2, (b) 1,=1,, (¢
1,=31,/2. Echoes of the I-S transitions: (d) t,=1,, (€)
1,=21,,(f) 1y,=31,. The interpulse delay t, should be much
shorter than the duration of the FID in order to detect all the
echo signals.

The spin-echo sequence considered is represented in
Fig. 3, where
3e?qQ

0 = g1a7—pp3e0s -1 +nsin feos2al, (1)

HY = Soo3 -1 +1)], ”
Hgp=wgg I . o

The Euler angles « and f describe the orientation of
the strong static magnetic field in the principal-axis
system of the EFG tensor. For numerical applications,
wge/27 =750 kHz; the first pulse length ¢, takes three
values: 5, 3, or 1 ps, according as wqy/2n=0, 50 kHz,
or 1 MHz, respectively. Due to the choice of two —x
pulses, line intensities and echo amplitudes have a sign
opposite to those of Solomon [1, 2], or Weisman and
Bennett [5].

As the first pulse length has an important effect on
the echo amplitudes [1], we begin our investigation by
analyzing the behavior of the “line intensities” {I3"")
developed at the end of the first pulse,

A"y =Trle(ty) I )

The symbols I}"" are the fictitious spin-1/2 operators
[9]. In the past [1, 2, 4, 5], the initial state of the spin
system, taken at the end of the first pulse, is simply
described by the operator I . Table 2 in [10] shows, in
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fact, that this state is more complex if HY is taken
into account during the pulse. For simplicity, we di-
vide the magnitude of w,, relative to that of wgg into
three parts: weak (g < wgg), medium (wq X wgg), and
strong (wq > wgg)- As a rule [11], in usual experimental
conditions, the line intensity of polarizations
(KI5, {116y, <I3*)) and that of 1Q on-resonance
coherence {I3**) are important whatever the wy/wge
ratio is. The line intensity of MQ on-resonance coher-
ences (<I}*),<I}®)), as well as that of the x- and
y-components of MQ off-resonance coherences, are
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only important for medium wgq. For 1Q off-resonance
coherences, the line intensities of their y-component,
(KI}?>, <I}?>), are important for weak and medium
g; on the other hand, their x-components are impor-
tant only for medium w¢y. Another property is worth
noticing: some line intensities remain unchanged
when the — x pulse is changed to an x pulse. This is the
case for polarizations, 2Q and 4Q coherences. Only
the line intensities of odd-quantum coherences change
sign with that of the pulse [12].

Formally, the study of echoes requires the calcula-

tion of the density matrix (¢, ©,, t5, 7,) describing the
spin system during acquisition time,

0(ty, 72 t3, 1) =exp(—iHY’ 1,) 0(t1,7,,t5) exp(iHY 1) . (%)

In fact, only the components of ¢(t,,7,,t3,7,) associated with 1Q coherences are required, namely

04.3(t1,T5t3,Tg)=€Xp[—iT4(—8wq)/3] 04,3(t1,72,23) EXP [ita(—8wq)/31=04,3(t1,72:13), (6a)
23,2 (t1a"-'2’t3’74)=exp[_i‘f4(—SwQ)/3] 03,2(t4,75,13) €Xp [iT4(-2wQ)/3]=Qs,z(t1,‘fz,t3) exp(it, 2wy, (6b)
02.1(ty,To,t3,7)=€Xp[—iT4(—2wq)/3] 0;,1(¢1,T2,t3) €XP [it,(10wq)/3]=02,1(t1,72:3) exp(itsd ) . (60)

The three components g, 3(t1,7,,3), 032 (1,72, t3) and g, ; (t;,7,,t5) of the density matrix o(t,,,,t5) at the end
of the second pulse were calculated previously [10]. During the acquisition period, F>*(t,,7,1t5),
F}2(ty,7,t3,T4), F22(ty,75,13,74), F12(t1,75,t3,74), and F2(ty,7,,15,7,), the relative intensity of the central
line, the y- and x- components of an I-S, and those of an O-S, respectively, are defined by

. 6 6
153'4('71"[2,[3’74) == 043172 3,T0)= 77 04,3(t1,T2513)

7

35 35 (7a)

P23 w0t a0+ iFy2'3(t1,Tzata,T4)= 35 03,2(t1,T2,83,T4) 5 (7b)
1,2 + ¥31.2 2 5

Foro(t, T b3, Ty) HiF 2 (8,70, t3,Ty) = — 02,1 (£1,T25 3, T4) - (7¢)

35

Equation (7a) shows that the central line intensity does not depend on 7,. This means than an echo signal
cannot be predicted for the central transition. From a practical point of view we must choose an interpulse delay
7, much shorter than the duration Ty, of the central transition (see Figure 3). This experimental condition has
already been mentioned for spin-3/2 systems [13]. Developing (7b) and (7 c) with software Mathematica yields
lengthy expressions. Only those related to echoes are given in the following. The x- and y-components of the
echoes detected as I-S signals have the relative amplitudes Y23 (t,,7,,t5,7,) and ¥} (t,,7,,13,7,), respectively:

2./8
P23 (1,50t Ta) Ty2'3(t17‘[27 13, T4)= 3—\?- {[sin2wq (14 —1,) —ic0s2 g (T4 —1,)] [<1,2;3> C,+I2*)C,]

+[cos2wqg (T4 —1,)+isin2wg(t4—1,)] [—(Iﬁ"‘} C,+<I23C,]
+3[c0s2mq (1, —21,) +isin2wq(t,—27,)] [—(KI} 2> +<I3 %)) Ge+ (T3 ) —<I} %)) Gy

FIED L) Gs + (I3 =<1 %)) Gl
+3[sin2wq (1, —27,) —ic0s 204 (1, —27,)] [(KI} 2> +<I3°)) Gs +(KI} 2> —<1,°)) Gy

3 (F bl 34 g T (4 ogb Sp § e TEH ®)
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+1[cos2wq(t,—31,)+isin2wq (14— 3T )] [— (KT} 2> +T*)) Crp + (I3 = ;*) C oy
FIH+ L)) Cyy + (I =<1 *) C 5]

+3[sin2wq (14 —31,)—icos 2w (T, —31,)] [((I;‘3>+<I;‘4>)C“ +(<I;‘3>—<I;'4>)C13
HI+ U Cry = (I3 =) Coul} -

The functions G;, defined in Table 1, depend on the second pulse length 5. The x- and y-components of the
echoes detected as O-S signals have the relative amplitudes ¥} 2(t,,7,,t3,7,) and ¥,*(t;, T,,13,74) given by

P2t To s Te) Hi T2 (b, Tas L3, Tg) =
+[cosdwq(ty—1,)+isindwg(t,—

+3[sindwg(ty, —1,/2)—icosdwg(t

2;—?{[sin4wQ(r4—12)—icos4wQ(r4—rz)] KI}* G +U1°> Gy
) [—<I,°> G+ I Gy
a— T/ (IF?D +I2*)) G5+ (I3 —U2*)) Gy

HUZD +UTD) Gy — (I3 —<UI2*)) Gl
+1[cosd g (14 —15/2) +isindwg (14— 12/2] [ KIF7>> +<I3*)) Gu+ I3 = UI5*)) Ge

+HRIZHIT))

Gy + (I =AU G ©

+1[sindwg(ty,—31,/2)—icosdwg(ty,—31,/2] (K1} 2> + T ;*) G, +(I? =<y G

+(IH +U*)) Gy

—(KI* = I*)) Gyl

+1[cosdwqg(t, —31,/2) +isindwg(t,—31,/2) [~ (KI13> + UT14D) G+ (KIN3H— <TG
HUED I G+ (I =< H)) 9]}

The angular velocity term in the two trigonometric
functions, sine and cosine, is 2w, for I-S echoes, (8),
and 4, for O-S echoes, (9). In other words, the I-S
echoes are twice as broad as the O-S ones.

In quadrature detection mode, (8) and (9) reveal six
echoes in both channels. Three echoes as I-S signals
are located at 7,=1,,7,=27, and t,=37,. Three
other as O-S signals are located at t,=1,/2, 1,=1,
and 7, =31,/2. These echoes are due to the refocusing
of off-resonance coherences developed during the first
pulse. In fact, each echo is the sum of two components:
one has a symmetrical bell shape related to the cosine
functions, the other has a sine-like shape connected to
the sine functions. The sine-like shaped echoes do not
modify the maximum of the bell shaped echo ampli-
tude, because they are always zero at these positions,

Table 1. Functions

(G;lgfsg :§m+)):m+§;/ g, COsSW,;ly  G,(t,). For c]}aritx,
2(t3) =Xy By sinw,, ts

Gs(t3) =Yny Yp X, Z;_coswp,t; thesymbol ¥ 3
G,(t;) =Y,. Y, . X, Z sinw,;t; in front ofeach term
Gs(ty) =X,,.2Z,. Y- Y COS W, 1 has been omitted.
Gelt;) =X,.2,. Y- Y SINW,,; L5

G,(ts) =X, Y, X;_ Z cosu,,”t3

Gglty) =X, Y. X; Z Sin®,,; t;

Golt;) =X, Z,. Y- Z COS W, L3
Giot3)=X,.2Z,.Y;_ ZJ SINW,,; 15

but alter their shapes. As a result, the echoes can take
any shape ranging from a symmetrical bell to an
asymmetric sine-like shape, depending on the experi-
mental conditions.

As shown previously for spin-3/2 systems [11], mea-
surement of echo amplitude versus second pulse
length enables us to determine . Therefore, in the
following, we analyze the amplitude of the six bell
shaped echoes in the two detection channels. They are
presented for increasing values of t,.

The relative amplitudes of the first echo located at
7,=71,/2 are given by

Eyl.Z(t1 s Ty =T5]2)
- g (I3 + {I2*)Gy +(<I22) —KI2*)) G
+(<I§'3> + <1f~4>)G4_(<[)2‘,3> _ <I§4>)G6] ’

Ei'z(tl 7t3’14212/2)

= 3£55[ (33 + TG+ (I3 —<I3*)) G

HIZTH HITH) G5+ = U Gs];

(10a)

(10b)

this echo is the refocusing of I-S (2 3) and 2Q
(2 < 4) coherences. The graphs of E}*2(ty,15,7,=1,/2)
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Fig. 4. Theoretical echo amplitude E}2(t;,t3,7,=1,/2),
(10a), versus ¢, for two wq/27 values: (m) 0 kHz, () 50 kHz.
(x) Theoretical echo amplitude EX2(t,=3 ps, t3,7,=1,/2),
(10b), for wy/2n=50 kHz.
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Fig. 5. Theoretical echo amplitude E2>(t,,t5,7,=1,), (11a),
versus t; for two wqy/27n values: (m) 0 kHz, () 50 kHz. (x)
Theoretical echo amplitude EZ3(¢, =3 ps, t5,7,=1,), (11b),
for wy/2 =50 kHz.

and E}?(t,,t3,7,=1,/2) versus the second pulse
length ¢, are represented in Figure 4.

At 7, =1,, two overlaping echoes are detected. For-
tunately, their widths are different as mentioned
above. The relative amplitudes of the I-S one are given
by

(11a)

2./8
Ef's(tl 3, Ta=T))=— % (<153> C,+ <I§'4>C4)

5
l-(*“ ’- 'l_l-l.k
" /! \
R .Il |\.
w® ./ \l
2 \
= .,; x.vaX-X-xvx.xx \l xxlx_x.x.x Xy
= X
g’ 0 xx*‘x x'xX\x'xx.x xxxx XXX.}{
© \I .r'
o \ v
= [} /
[} \ /
(3] '\ )
o A" 4 i
Mo
-5 + + t + t t t t t
0 2 4 6 8 10

Second pulse length t; (us)
Fig. 6. Theoretical echo amplitude versus t;: (m) E!?
(t,=5ps, 3, T4=1y), (12a), for wo/2n=0kHz, (x) E1?
(ty=3ps, t3, 1,=1,), (12b), for wy/2n=50 kHz.

(11b)

2./8
%(—(13">C4+<1§'3>C1),

Ei'a (t1,t3,14=13)=

this echo is the refocusing of I-S (2 3) and
2Q(2 « 4) coherences. Figure 5 shows the graphs of
EZ3(ty,t5,14=1,) and E2>(t;,t3,7,=1,) Versus t;.
The relative amplitudes of the O-S echo are given by

(12a)

2./5
Bty ramt) = — S G, + <TG,
(12b)

2./5
E;2(ty,t3,1,=1;)= \/7(—<I;'5>Gz+<1i'2>61);

35

this echo is the refocusing of O-S (1 <+ 2) and 4Q
(1 & 5) coherences. Figure 6 represents the graphs of
E}2(ty,t3,74="1,) and E;?(t,,15,7,=1,) Versus t;.

The relative amplitudes of the fourth echo, located
at t,=31,/2, are given by

Eyl’z(t1,t3,f4=372/2) (13a)

- %5 [(KIE2>+<TE*9) G+ (A3 =13 Go
F UL+ G (I = UTE*N Gl

ELY2(ty,ta1,=37,/2) (13b)
= g [— (I} +T*)) Gg + (K133 —<I;*)) Gy

HUED + U G+ (I = U *)) Gl
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Fig. 7. Theoretical echo amplitude versus t; for wq/
2n=50 kHz: (¢) E}?(t;=3ps,t5,7,=37,/2). (13a), (x)EL?
(t,=3ps,t3,7,=31,/2), (13b).

this echo is the refocusing of 2Q (1 « 3) and 3Q
(1 4) coherences. The graphs of Eyl'z(tl,t3,r4=
31,/2)and EL2(t,,t5,14=231,/2) versus t5 are depicted
in Figure 7.

The fifth echo is located at 7,=27,. Its relative
amplitudes are given by

E§'3(t1,t3,f4=272) (142)

8
= —T\/;[((I;'2>+<I;'5>)G5+(<Iy1,2>_<I;'5>)Gs
+(<I,l;~2>+<Ii'5>)66_(<1i.2>_<Ii‘5>)G4] ,

E23(t,,t5,7,=21,) (14b)

8
= % [—(<I;'2>+<I;v5>)66+(<1y1,2>_<I;‘5>)G4

HUD I G5+ (I =< )) Gyl 5

this echo is the refocusing of the O-S(1 < 2)
and 4Q(1 < 5) coherences. The graphs of E2
(ty,t3,7,=27,) and E23(t,,t5,7, =21,) against ¢, are
plotted in Figure 8.

Finally, at 7,=31, is located the last echo, whose
relative amplitudes are given by

E23(ty,t3,7,=31,) (15a)

8
- _3_{[(<1;-3>+<I;'4>)C“+(<I;-3>—<I$"‘>)st

FHUFH +UH)Cr— I =T Cudl,

Second pulse length t; (us)

Fig. 8. Theoretical echo amplitude versus t;: (w) E2?
(ty=5ps, t3, 1,=21,), wo/2n=0kHz, (¢) E3(t; =3 ps, 5,
14=21,), wo/2n=50kHz, (14a), (x) E23(t,=3 ps, t;, 1,=
21,), wo/2m=50 kHz, (14b).

(15b)

E§'3(t1’t371'4= 31,)

8
= % [— (I3 +T3*) Cra + I = UIy*)) Cyy

FEL 5+ LB D) Co 3~ )C ] s

this echo is the refocusing of 2Q (1 « 3) and 3Q
(1 & 4) coherences. The graphs of EJ>(t,,t3,7,=371,)
and E23(t,,t5,7,=371,) versus t; are represented in
Figure 9.

The general trend of the echo amplitude deduced
from Figs. 4 to 9 is that their magnitude decreases in
the following way: I-S echo amplitude at t,=1,, O-S
echo amplitude at t,=1,, O-S echo amplitude at
7,=T,/2, I-S echo amplitude at 7, =21,, I-S echo am-
plitude at t,=31,, O-S echo amplitude at 7,=31,/2.
In addition, the x-components of the echoes are only
important for medium wq On the other hand, the
echo amplitude are sums of terms that are the product
of two functions, one depending of ¢, and the other on
t5. So, the optimization of the echo amplitudes re-
quires both suitable pulse lengths ¢, and ¢5.

In the early papers, the forbidden echoes occurring
at 7,=31,/2 and 7=31, are not predicted because
they are due to the refocusing of MQ transitions de-
veloped during the first pulse. In order to compare
with early results (Table 2), we deal with the particuler
case of the hard pulse excitation. In this case, the MQ
coherence line intensities are negligible, the echo am-
plitudes are due to 1Q coherences only and have the
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following expressions:

2E;5)(t1 =toont3,T4=T,/2) (16a)

2./5
= ——i<If'3(t1=t90°)>(63+65),

oc —20[cos> ¢ sin? ¢ (cos® p —4cos® ¢ sin®¢p) (16b)
—cos? ¢ sin® ¢ (sin® ¢ — 4 cos? ¢ sin> @)],

2ES5)(t1=toget3,T4=15) (17a)
4./8
=5 ;é— <I§'3(t1 =190:)>Cy,
oc —64[cos? ¢ sin* P (3cos? ¢ —sin® @)> (17b)
—cos* ¢ sin® ¢ (cos? ¢ —3sin’ ¢)?]
2Ey i)ty =too13,T4=T15) (18a)
4./5
= % L2 (ty=te0)> Gy,
oc —25[cos? ¢ sin® ¢ —cos® p —sin? @] . (18b)
2ES5)(t;=toget3,T4=21;) (19a)

2./8
e <Iy1‘2(tl =190:)>(G3+Gs),

oc —20[cos® ¢ sin? ¢ (cos® p —4cos® ¢ sin?¢p) (19b)
—cos? ¢ sin® ¢ (sin® ¢ — 4 cos? ¢ sin® )],

2E;5)(ty =tgot3,T4=31,/2)=0, (20)

2E;(5)(ty =tggets, T4=31,)=0. 1)
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Table 2. Coherences (1 Q to 4Q) developed during the first
pulse and refocused as inner and outer satellite echoes.

Echo position Inner satellite Outer satellite

signals signals
this work  early work?
15=15/2 3t/2 2e3(1Q)
2-4(2Q)
T,=T, 27 2-3(1Q) 1-2(1Q)
2-4(2Q) 1-54Q)
T =371,/2 1-32Q)
1-43Q)
T,=21, 3z 12(1Q)
1-5(4Q)
1,=31, 13(2Q)
1-43Q)

* In early work, the two RF pulses are separated by an
interpulse delay 7 and the time origine starts from the end of
the first pulse.

All the x-components are zero Egs.(16b), (17b),
(18b), and (19b) are taken from [5] but the signs have
been changed due to the —x pulses considered here.
Figures 4 and 8 show that (16a), and (19 a) are identi-
cal and are in agreement with (16b) and (19b). For
o < Wgg, Our results on the echo amplitudes are con-
sistent with the early ones.

3. Conclusion

With the help of Mathematica, we have extended
Solomon echoes to soft pulse excitation by including
the first-order quadrupolar interaction during the
pulses. In addition to the four allowed echoes, the two
forbidden echoes due to MQ coherences developed
during the first pulse have been also predicted. Our
results clearly show that the amplitudes and the shape
of the echoes depend not only on the pulse lengths ¢,
and t;, but also on the quadrupolar coupling, o, and
the amplitude wgp of the pulse. They are valid for any
ratio of wg/wgg. The main restriction is that the inter-
pulse delay 7, must be short compared to the duration
of FID of the central transition because its echo can-
not be predicted within our hypothesis.

In order to predict the refocusing of the central
transition, it is necessary to include an interaction
such as the secular part of hetero- [11] or homo-nu-
clear [14] magnetic dipole-dipole interaction, or sec-
ond-order quadrupolar shift [15], which dephase and
refocus the coherences. The study of relaxation phe-
nomena [16— 18] is also required.
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